Abstract. A Diophantine m-tuple is a set of m distinct integers such that the product of any two distinct elements plus one is a perfect square. It was recently proven that there is no Diophantine quintuple in positive integers. We study the same problem in the rings of integers of imaginary quadratic fields. By using a gap principle proven by Diophantine approximations, we show that m 42. Our proof is relatively simple compared to the proofs of the similar results in positive integers.
Introduction
A long-standing conjecture, motivated by work of Baker and Davenport [1] , that there is no Diophantine quintuple, was recently proven [7] . At a similar time, in [4] , it was found that there are infinitely many Diophantine sextuples in rational numbers. Generalizing results from integers to rationals can be very hard. On the other hand, it is reasonable to assume that the transition to analogous problems in other rings of integers will be easier. However, even in this ambient, there are not many results. E.g. we find less than 10 papers solving similar problems in the ring of Gaussian integers. We can highlight [2] and [6] , which deal with the extension of Diophantine triples from one-parameter families. Yet, due to the similarities of this ring with the usual ring of rational integers, we can expect that the similar results will hold and that one can prove them using similar techniques. The goal of this research is to answer how many elements can a Diophantine m-tuple in imaginary quadratic number ring have, or, to be more specific and modest, to provide an upper bound on the size of a Diophantine m-tuple.
Let O K be the ring of integers of an imaginary quadratic number field K. A Diophantine triple {a, b, c} ⊆ O K induces an elliptic curve E : y 2 = (ax + 1)(bx + 1)(cx + 1) defined over K. For every d such that {a, b, c, d} is Diophantine quadruple, there exist r, s, t such that ad + 1 = r 2 , bd + 1 = s 2 and cd + 1 = t 2 . We obtain an O K -integral point (d, rst) on E. Since an elliptic curve has finitely many integral points [10] , every Diophantine triple can be extended with only finitely many elements. We conclude that every Diophantine m-tuple is finite. Unfortunately, this does not provide us with an effective absolute bound on the size of such sets.
We approach this problem in the following way. Assume that a Diophantine triple {a, b, c} in imaginary quadratic number ring O K can be extended with a fourth element d. By eliminating d from the equations it satisfies (ad + 1 = x 2 , bd + 1 = y 2 and cd + 1 = z 2 ), we get a system of two Pell-type equations with common unknown. A solution of this system gives us two simultaneous approximations of square roots close to 1. Then we apply a variant of Bennett's theorem developed for imaginary quadratic number rings by Jadrijević and Ziegler [8] . We obtain the gap principle which can be stated as follows. In a Diophantine quadruple, if the third element (by size) is much bigger than the second element, then the fourth element is bounded from above by a power of the third element. Combining this result with a simple lower bound on the largest element of a Diophantine quadruple (in terms of the smallest element), we obtain a proof by contradiction (assuming that there exists a Diophantine m-tuple with m 43). Thus, the main result of this paper is the following theorem.
Theorem 5.1. There is no Diophantine m-tuple in imaginary quadratic number ring with m 43.
System of Pell-type equations
Let {a, b, c} ⊂ O K be a Diophantine triple in the imaginary quadratic number ring O K . Without loss of generality, we may assume 0 < |a| |b| |c|. Then there are r, s and t in O K such that Let us note here that the solutions of this equation (X 2 − Y 2 = 1) in the ring of integers of imaginary quadratic field are described in [5] . Numbers ab, ac and bc are not squares even in K since O K is integrally closed in K. We have proven the following lemma.
Lemma 2.1. If {a, b, c} is a Diophantine triple in the imaginary quadratic number ring O K and abc 0, then ab, ac and bc are not squares in K.
If there is
and az 2 − cx 2 = a − c. Analogously, eliminating d from the second and the third equation we get bz 2 − cy 2 = b − c. We have obtained a system of the equations
These equations are similar to Pell's equations and their solutions have a very similar structure. The solutions of Pell-type equations (x 2 − Dy 2 = N) in imaginary quadratic rings are described in [5] .
From now on, we will always assume that 0 is not an element of a Diophantine m-tuple. We will also assume that the elements are sorted by absolute value (in ascending order).
Gap principle (obtained by Diophantine approximations)
Here we prove that the solution of (2.1) and (2.2) provides us two simultaneous approximations of square roots close to 1 by elements of K.
Lemma 3.1. Let (x, y, z) be a solution of the system of equations (2.1) and (2.2). Assume that |c| > 4|b| and |a| 2. If θ
1 and θ
2 , where the signs are chosen such that
1 − sx az and θ
Proof. The following holds
we conclude that θ Hence θ The other pair of inequalities is proven analogously (we have used |c| > 4|a| and |a| 2).
We will now apply Jadrijević-Ziegler theorem from [8] . , i = 1, 2 with a 1 and a 2 distinct quadratic integers in the imaginary quadratic field K and let T be an algebraic integer of K. Further, let M = max{|a 1 |, |a 2 |}, |T | > M and
Using this theorem, we will show that, if the second and the third element of a Diophantine m-tuple are sufficiently away from each other, then the fourth element is bounded by a power of the third element. More precisely, we prove the following proposition. Proof. The solution (x, y, z) of (2.1) and (2.2) gives us simultaneous approximations of
We let a 0 = 0, a 1 = b, a 2 = a, T = abc, M = |b|, and note that l = 27|abc| 64(|abc| − |b|) < 1 2 , since this is equivalent to 27|ac| < 32(|ac| − 1), which holds for |ac| > 32 5 . Similarly,
. Hence, by (3.1), c 1 √ 21P .
We also observe that min{|a|, |b|, |b − a|} |a| 2 because |b − a| |b| − |a| |a| 2 . Hence
min{|a|, |b|, |b − a|} 3 (2|abc| + 3|b|) 128
Here, the condition L > 1 of Jadrijević-Ziegler theorem is equivalent to 27(|ac|−1) 2 > 16|a| 2 |b− a| 2 . Taking the square root, we get a simpler claim 3 √ 3(|ac| − 1) > 4|a||b − a|. Since |c| > |b| 3 (and |b| 3 2 |a|), even a stronger claim, |ac| − 1 > |a||b − a|, holds. Namely, using the assumptions and the triangle inequality we get |ac| − 1 > |a| · |b| 3 − 1 > 2|a| 2 |b| − 1 > |a| · |b| + |a 2 | |ab − a 2 | = |a||b − a|. We observe that λ > 1 since both P and L are greater than 1 (|b| > |a| implies P > 1). We will show that |c| > |b| 15 implies λ < 1.9. Since λ = 1 + log P log L , we obtain the equivalent statements λ < 1.9, log P log L < 0.9, and P < L 0.9 . Plugging L and using the inequality proven for P, we see that we should prove 
A lower bound on the element extending a Diophantine triple
In the previous section we have proved an upper bound on the fourth element of a Diophantine m-tuple. We will now find a lower bound so that we can juxtapose these two bounds. To find it, we need a definition and a few lemmas. Proof. Assume the contrary.
Therefore, on the left-hand side there are two elements of O K of absolute value less than 3 (or one of them is a unit) and their norms are divisors of 9.
First we deal with non-unit solutions in the case
be the generator of O K over Z. Using the fact that the absolute value of the norm of x + yρ is Remark 4.4. We conjecture that the stronger claim also holds, if d a + b + c + 2abc ± 2rst (where s 2 = ac + 1 and t 2 = bc + 1), then |d| 4|ab|. This claim holds in Z (see, e. g. [9] ).
Proof. Using the previous lemma, without loss of generality, we may assume that {a, b, d} is not a regular triple. Denote ab + 1 = r 2 , ad + 1 = x 2 , bd + 1 = y 2 . Then c ± = a + b + d + 2abd ± 2rxy is not 0. Indeed, the claim c ± = 0 is equivalent to the claims Since |b| |a| 2, it follows that |ab| 4, so |a + b + d| 3|d| 3 4 |abd|. We conclude that
Juxtaposition of this lower bound on |c + | with the upper bound on |c + c − | implies that |c − | 10|d| 5. An upper bound on the size of Diophantine m-tuple
Here we prove our main result, the following theorem. Let us note here that computer search did not yield any Diophantine quintuple in imaginary quadratic numbers rings, nor has the more systematic search by P. E. Gibbs found Diophantine quintuples in Z[ √ −d] for positive integer d < 50 (as reported on the ResearchGate). Even so, we do not see any a priori reason why would all the imaginary quadratic number rings have the largest Diophantine m-tuple of the same size m. The method used here most likely will not suffice to prove the strongest upper bound, even in the more specific situation of Gaussian integers. However, it is interesting that we have managed to find such a simple proof of the first uniform bound on the size od Diophantine m-tuple (in imaginary quadratic number rings) because such results usually required more complex proofs involving linear forms in logarithms (see, for example, [3] , for the first proof of the uniform upper bound in integers).
